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Abstract

Singular plastic ®elds at crack tips are investigated for a non-associative deformation theory modelling a Drucker±

Prager material. Plane-strain mode-I eigensolutions are mapped over a range of material parameters along with a pure

power law response. The material does not admit a strain energy function and the level of stress singularity is higher

than the HRR values. The latter are recovered for associated models but, in general, the singularity reported here

deviate from J-integral analysis with increasing non-associativity. Near tip pro®les are illustrated for a few represen-

tative cases, indicating an increasing sensitivity to non-associativity at higher levels of the hardening exponent. Ó 2001

Elsevier Science Ltd. All rights reserved.
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1. Background

Singular plastic stress ®elds engul®ng crack tips have been mapped in numerous studies covering a broad
spectrum of constitutive response. More speci®cally, crack tip ®elds in pressure sensitive solids have been
examined in recent years for associated Drucker±Prager materials modelled by the small strain deformation
theory and pure power law plastic response (Li and Pan, 1990; Yuan and Lin, 1993). Bigoni and Radi
(1993) studied quasi-static crack propagation for a linear hardening elastoplastic response. As expected, for
power law materials, the dominant stress singularity is that of HRR ®elds ± a result supported by the usual
argument of the path independent J-integral (Hutchinson, 1968a,b; Rice and Rosengren, 1968). The be-
haviour of cracks in porous solids is of interest in geomechanics within the context of hydraulic fracturing
(Papanastasiou, 1997, 1999), in the analysis of sintered powder metal components, polymeric materials and
ceramics.

This work aims at investigating small strain singular crack tip ®elds for pressure sensitive materi-
als that are not endowed with a strain energy function. Thus, we examine mode-I plane-strain ®eld for
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non-associative deformation theory modelling Drucker±Prager solids with pure power hardening charac-
teristics. It is worth mentioning that geomaterials, in general, exhibit a non-associated plastic response.

The governing equations, introduced in Section 2, admit a separation of variables solution which gen-
erates an eigenvalue system of the fourth order. A numerical solution using a Galerkin ®nite element
scheme is employed in Section 3 to trace the strongest permissible stress singularity. The eventual outcome,
calculated over a range of material parameters, can be approximately described by the following expression
for the radial singularity level of the stress components:

1

1� n
1
h
� 0:4094�lÿ g� ÿ 0:3455�lÿ g�2 � � � �

i
; �1�

where n is the hardening exponent and �lÿ g� is a measure of deviation from associativity. Here, l and g
are the friction and dilation coe�cients, respectively. For associated solids, l � g, we recover the HRR
singularity 1=�n� 1�, but otherwise the singularity slightly increases with non-associativity.

Sample illustrations of near tip ®eld pro®les indicate that strains and displacements are more sensitive to
deviations from associativity, particularly at higher values of n.

2. Near-tip plastic ®eld equations

With the notation displayed in Fig. 1, we examine the singular plastic ®eld near the tip of a crack
embedded in a pressure sensitive plastic solid. Far ®eld loading is symmetrical with respect to the crack axis
(h � 0) and material response is constrained by plane strain conditions. We ignore the elastic constitutive
branch in the vicinity of the tip assuming the small strain deformation theory model,

� � re

g
�p

3S

2q

�
� gI

3

�
: �2�

Relation (2) is the small strain rigid-plastic version of the non-associated Drucker±Prager deformation
theory derived by Durban and Fleck (1997), subsequently employed along with the elastic branch in
Durban and Papanastasiou (1997). Here � is the small strain tensor, re and g are the e�ective stress and
plastic potential de®ned by

re � q� lrh; g � q� grh; �3�
where q is the Mises e�ective stress and rh is the hydrostatic stress given by

q � 3
2
S � � Sÿ �1=2

; rh � 1
3
I � � r; �4�

with S � rÿ rhI denoting the stress deviator, r is the usual stress tensor and I is the second-order unit
tensor. The two parameters �l; g� re¯ect the level of pressure sensitivity with the identity l � g holding for
associated materials and l � g � 0 for the standard Mises solid. In other words, the Drucker±Prager

Fig. 1. Notation for plane strain mode-I crack tip ®eld.
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criterion (3), formulated in 1952, is a simple modi®cation of the von Mises criterion, where the in¯uence of
a hydrostatic stress component, rh, on yield and failure is introduced by inclusion of an additional term in
the von Misses expression, re � g � q. The total plastic strain �p is a known function of the e�ective stress
re with the speci®c power law response,

�p � re

r0

� �n

; �5�

employed in this study. The hardening exponent n and reference stress r0 are experimentally determined
material parameters. Mode I crack singular ®elds for the associated Drucker±Prager solid (l � g) have
been studied by Li and Pan (1990).

Unlike the associated model, the more general version (2) does not admit a strain energy function. This is
apparent from the speci®c plastic power relation, along the deformation path, for an elemental material
volume,

_W � r � � _� �6�
where the superposed dot denotes rate of change with respect to, a time-like parameter. Thus, from Eq. (2)

_W � re _�p � re�p
_ln

re

g

� �
�7�

with the second term clearly being non-holonomic when l 6� g since then re 6� g. For associated solids, with
g � re, we recover from Eq. (7), the strain energy function, W � R re d�p, which is independent of the
straining history. Put di�erently, with tensor c denoting the deviatoric part of � in Eq. (2), in terms of the
e�ective plastic shear strain,

C � 2

3
c � �c

� �1=2

� re

g
�p; �8�

the plastic power (6) reads simply

_W � g _C: �9�
However, in general, the plastic potential g cannot be expressed as a function of C alone, when the material
is non-associated. In fact, while the complete elastoplastic strain invariants relations,

H � rh

j
� g

re

g
�p; �10�

C � q
3G
� re

g
�p; �11�

where H � tr� is the volumetric strain, j, the elastic bulk modulus and G, the elastic shear modulus, can in
principle, be inverted to express �q; rh� in terms of �C;H�, this will not be the case when the elastic branch is
neglected. Indeed, with �j;G� ! 1, we ®nd from Eqs. (10) and (11) the kinematic constraint,

H � gC; �12�
along with the duality, gC � re�p, which cannot be inverted to give �g; re� in terms of C.

In the absence of a strain energy function associated with Eq. (2), there is no possibility of employing the
path independent J integral (Rice, 1968), in conjunction with the power law (5), to deduce a-priori the stress
singularity level at the near tip ®eld, as has been done for the associated case by Li and Pan (1990).
However, the algebraic structure of the constitutive relation (2) suggests a separation of variables singular
®eld, along the same lines as the HRR solution (Hutchinson, 1968a,b; Rice and Rosengren, 1968), viz.
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rr � rs ~rr; rh � rs ~rh; rrh � rs ~rrh; rz � rs ~rz; �13�
where �rr; rh; rrh; rz� are the polar stress components, the tilde marks circumferential stress pro®les and s,
which is expected to be negative, is the stress singularity level. Likewise, we shall use the relations,

q � rs~q; rh � rs ~rh; re � rs ~re; g � rs ~g; �14�
where, again, tilted quantities depend only on h.

The plane strain constraint dictates that � in Eq. (2) has no active component in the z direction. Hence,

3�~rz ÿ ~rh� � 2
3
g~q � 0; �15�

which, in turn, yields the Mises stress pro®le,

~q � 3

1ÿ g2=9

� �1=2
~rr ÿ ~rh

2

 !2
24 � ~r2

rh

351=2

; �16�

and the hydrostatic stress pro®le,

~rh � 1

2
�~rr � ~rh� ÿ g

9
~q: �17�

The axial stress, e�ective stress and plastic potential are as follows:

~rz � 1

2
�~rr � ~rh� ÿ g

3
~q; �18�

~re � 1
�
ÿ lg

9

�
~q� l

2
�~rr � ~rh�; ~g � 1

�
ÿ g2

9

�
~q� g

2
�~rr � ~rh�: �19�

The �r; h� components of the displacements within the singular plastic zone, denoted by �u; v�, are as-
sumed to admit a separation of variables presentation analogous to Eq. (13), namely

u � krns�1~u; v � krns�1~v �20�
with

k � rÿn
0 : �21�

Thus, the total plastic strain (5) is given by

�p � krns ~rn
e : �22�

It is now a matter of ease to show that the tensorial equation (2) is reduced to three scalar equations that
are independent of the radial coordinate, viz.

�ns� 1�~u � ~rn�1
e

~g
3

2~q
~rr ÿ ~rh

2

 !"
� g

2

#
; �23�

~u� ~v0 � ~rn�1
e

~g
3

2~q
~rh ÿ ~rr

2

 !"
� g

2

#
; �24�

1

2
�~u0 � ns~v� � ~rn�1

e

~g
3

2~q
~rrh

� �
�25�

with the two following additional equations obtained from equilibrium requirements,
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�s� 1�~rr � ~r0rh ÿ ~rh � 0; �26�

�s� 2�~rrh � ~r0h � 0; �27�
where the prime denotes di�erentiation with respect to h.

The system of ®ve equations (23)±(27) with ®ve unknown functions �~u; ~v; ~rr; ~rh; ~rrh� is of the fourth order
and is supplemented by two stress free boundary conditions along the crack face and by two mode-I
symmetry conditions ahead of the crack; thus,

h � 0 ~v � 0; ~rrh � 0;
h � p ~rh � 0; ~rrh � 0:

�28�

The eigensystems (23)±(28) admits non-trivial solutions only for discreet real values of the singularity s
which serves as the eigenvalue of each eigen®eld. Once an appropriate eigenvalue has been determined, the
entire near tip ®eld can be mapped up to one unknown constant. It follows that within the singular zone,
the loading path is proportional, i.e. all stress components increase in a ®xed ratio, implying that Eq. (7) is
reduced to _W � re _�p, because re=g remains constant along the loading history. It is therefore possible to
calculate the strain energy, W, for both ¯ow and deformation theories within the singular zone. This ob-
servation may suggest that the resulting stress singularity should not di�er much from the HRR result of
s � ÿ1=�n� 1� (Li and Pan, 1990).

A lower bound on the eigenvalue s is provided through the requirement of vanishing plastic power
within a small circle around the tip as its radius approaches zero. This condition imposes the bound,
s > ÿ2=�n� 1�, on the singularity level. However, the requirement that the displacements, (20) should
remain ®nite as r! 0 along any direction suggests the lower bound is ÿ1=n. Therefore, we seek, the
strongest singularity within the bounds,

ÿ 1

n
< s < 0: �29�

3. Eigen®eld calculation and illustration

The governing systems (23)±(28) has been solved numerically for 0 � h � p over a range of material
parameters, �l; g; n�, to trace the eigen®eld, which corresponds to the strongest permissible singularity. The
search for eigensolutions was carried out by combining a Galerkin ®nite element scheme with a minimi-
zation subroutine for eliminating the oscillatory error in the eigen®eld solution caused by deviation from
the correct singularity. Indeed, testing the numerical procedure using the HRR singularity, we found that
small deviations from the singularity value results in oscillations of the calculated eigen®eld solution.

Table 1 shows the variation of eigenvalue, s, with the hardening exponent, n, and pressure sensitivity
parameters, �l; g�. As expected, the HRR singularity, s � ÿ1=�n� 1�, is recovered for all associated cases,
but otherwise the singularity level increases with the non-associativity measure, �lÿ g�. The trend is il-
lustrated in Fig. 2 with n � 10 and in Fig. 3 where in Table 1 results have been lumped into a single pa-
rameter �n� 1��lÿ g�s. Deviations from the HRR values appear to be consistently appreciable with
increasing levels of �lÿ g�.

The range of parameters, �l; g�, for which a separation of variables solution (13) exists, for the given n, is
limited by the onset of a plastic potential corner zone ahead of the crack, when ~rr � ~rh, at h � 0. This
observation, originally due to Li and Pan (1990), has been veri®ed in our numerical calculations, though we
have not traced the bounding �l; g; n� surface, all results presented in this study are within the physically
permissible space of solutions. A possible procedure for avoiding the stress path reaching the apex of the
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Fig. 2. Singularity level for non-associated solids with hardening exponent n � 10. Associated values are connected by broken line.

Table 1

Singularity level for di�erent material parameters

n l g ÿs

3 0.1 0.1 0.25

3 0.1 0.05 0.2547741

3 0.1 0.0 0.2596238

3 0.15 0.15 0.25

3 0.15 0.1 0.2545762

3 0.15 0.075 0.2568648

3 0.15 0.05 0.2591883

10 0.1 0.1 9:09090� 10ÿ2

10 0.1 0.05 9:28390� 10ÿ2

10 0.1 0.0 9:46833� 10ÿ2

10 0.2 0.2 9:09090� 10ÿ2

10 0.2 0.1 9:44541� 10ÿ2

10 0.2 0.05 9:61487� 10ÿ2

10 0.2 0.0 9:78496� 10ÿ2

10 0.4 0.4 9:09090� 10ÿ2

10 0.4 0.3 9:40825� 10ÿ2

10 0.4 0.2 9:70777� 10ÿ2

10 0.4 0.15 9:85829� 10ÿ2

10 0.6 0.6 9:09090� 10ÿ2

10 0.6 0.5 9:37663� 10ÿ2

10 0.6 0.45 9:51185� 10ÿ2

10 0.6 0.4 9:64452� 10ÿ2

10 0.6 0.3 9:91008� 10ÿ2

20 0.3 0.3 4:76190� 10ÿ2

20 0.3 0.2 4:93495� 10ÿ2

20 0.5 0.5 4:76190� 10ÿ2

20 0.5 0.4 4:92043� 10ÿ2

50 0.8 0.8 1:96078� 10ÿ2

50 0.8 0.75 1:99181� 10ÿ2
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Drucker±Prager plastic potential, suggested recently by Chang and Pan (1997), is to eliminate the apex
altogether by rounding o� the potential surface near the vertex.

Representative stress, strain and displacement pro®les are displayed in Figs. 4±9. Stress components
have been scaled so as to have ~rr�h � 0� � 1, whereas the strain pro®les were evaluated from the standard
de®nitions,

~�r � �ns� 1�~u; ~�h � ~u� ~v0; ~�rh � 1
2
�~u0 � ns~v�: �30�

For associated materials, we ®nd that the stress and strain pro®les in Figs. 4±9 are in agreement with the
earlier calculations in Li and Pan (1990). Non-associativity does not appear to have much in¯uence on
stress pro®les (Figs. 4 and 7), but it does in¯uence the strain (Figs. 5 and 8) and displacement (Figs. 6 and 9)
distributions. Noticeable in particular is the shear strain ~�rh, at large values of n (Fig. 8), when it becomes
signi®cantly higher for non-associated solids. Also at large n, the displacement may behave quite di�erently,
when g is di�erent from l, as seen in Fig. 9.

Fig. 3. Deviations of singularity level from HRR results with increasing non-associativity �lÿ g�.

Fig. 4. Crack-tip stress eigen®elds for associative l � g � 0:1 (±±) and non-associative, l � 0:1; g � 0 (± ± ±) solids, n � 3.
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Fig. 7. Crack-tip stress eigen®elds for associative l � g � 0:4 (±±) and non-associative, l � 0:4; g � 0:2 (± ± ±) solids, n � 10.

Fig. 6. Crack-tip displacement eigen®elds for associative l � g � 0:1 (±±) and non-associative, l � 0:1; g � 0 (± ± ±) solids, n � 3.

Fig. 5. Crack-tip strain eigen®elds for associative l � g � 0:1 (±±) and non-associative, l � 0:1; g � 0 (± ± ±) solids, n � 3.
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An interesting observation in the latter context follows from the data of Fig. 3 which can be approxi-
mated by the curve,

s � ÿ 1

1� n
1
h
� a�lÿ g� � b�lÿ g�2 � � � �

i
; �31�

with a � 0:4094 and b � ÿ0:3455. It follows that the coe�cient �ns� 1� in Eq. (30) becomes very small and
eventually changes its sign near the identity,

a�lÿ g� � b�lÿ g�2 � � � � � 1

n
; �32�

implying via Eq. (20) that the displacements may become unbounded as r! 0, if the non-associativity
parameter, �lÿ g�, exceeds Eq. (32). However, numerical data beyond the limit (32) follow the trend given
by the ®tting expression (31) since mathematically all data re¯ect possible eigensolutions of the governing
system.

Fig. 8. Crack-tip strain eigen®elds for associative l � g � 0:4 (±±) and non-associative, l � 0:4; g � 0:2 (± ± ±) solids, n � 10.

Fig. 9. Crack-tip displacement eigen®elds for associative l � g � 0:4 (±±) and non-associative, l � 0:4; g � 0:2 (± ± ±) solids, n � 10.
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Contours of constant e�ective stress, ~re, as evaluated from Eq. (19) are shown in Figs. 10 and 11 for
n � 3 and n � 10, respectively. As expected from the level of singularity, the contours of the e�ective stress
suggest that the size of the plastic zone is larger for the non-associative case. The e�ective stress retains its
basic plane strain shape, though the in¯uence of non-associativity appears to increase, resulting in an
extension of the plastic zone along the crack faces, for large n (Fig. 10). This is mainly due to the shift of the
Mises stress, ~q, towards the crack for higher values of �lÿ g�. We found that the hydrostatic stress area is
more sensitive to deviations from associativity for large n rather than small n, but in all cases it essentially
dominates the zone ahead of the crack.

Fig. 10. Contours of e�ective stress, ~re for associative l � g � 0:1 (±±) and non-associative, l � 0:1; g � 0 (± ± ±) solids, n � 3.

Fig. 11. Contours of e�ective stress, ~re for associative l � g � 0:4 (±±) and non-associative, l � 0:4; g � 0:2 (± ± ±) solids, n � 10.
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4. Concluding remarks

Eigen®elds generated by systems (23)±(28) are restricted by bounds (29) that set a limit on the permissible
level of non-associativity, via Eq. (32), which admits separation of variables eigen®elds. Another limit is
induced by the onset of plastic potential corner zone ahead of the crack where the constitutive relation (2)
becomes invalid. A helpful observation in this context follows from the radial relation (23) when speci®ed at
h � 0. Since ahead of the crack ~rrh � 0 and from the numerics, ~rh > ~rr, we have from Eqs. (16) and (23)
that at h � 0,

�ns� 1�~u � ~rn�1
e

~g

"
ÿ 3

2

1ÿ g2=9

3

� �1=2

� g
2

#
: �33�

So, when the surface potential apex is hit with ~rr � ~rh � ~p, with ~p > 0 denoting the hydrostatic tension
ahead of the crack, relation (33) reads

�ns� 1�~u�h � 0� � ln�1

2g
g
h
ÿ �3ÿ g2=3�1=2

i
~pn: �34�

This expression serves as the ``corner'' limit of validity on the physical plausibility of the eigensolutions.
It will be appreciated from Eq. (31) that HRR singularity levels provide a good estimate of the actual

value of s for the non-associated Drucker±Prager solid. It remains an open question however whether a
similar observation will emerge for other material models that do not admit a strain energy function. An
interesting constitutive relation which may deserve further study is based on the elliptically shaped e�ective
stress and plastic potential de®ned by

r2
e � q2 � ar2

h; g2 � q2 � br2
h �35�

with a and b denoting pressure sensitivity parameters. The usual construction of deformation theory based
on Eq. (35) gives the constitutive law,

� � 3re�p

2g2
S

�
� 2b

9
rhI

�
; �36�

which can be used for an eigen®eld analysis when �p is a pure power of re. The plastic power of Eq. (36) is
again expressed by Eq. (7), but with re and g given in Eq. (35), so no strain energy function exists for this
material when a 6� b. However, eigen®elds are not restricted here by the onset of a corner zone, since the
potential surfaces g in Eq. (35) are smooth, and a broader range of solutions may be mapped to assess the
in¯uence of non-associativity on singular near-tip ®elds in the absence of a strain energy function. In fact,
the family (35) can be generalized by,

rm
e � qm � arm

h ; gm � qm � br2
m; for m � 3; 4; . . . �37�

to facilitate studies of singular ®elds in non-associated materials.
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